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In this paper we establish some new generalizations of the Hardy’s inequality by 
using a fairly elementary analysis. The inequalities given here contain in the special 
cases, some of the recent generalizations of Hardy’s integral inequality appearing 
in the literature. 
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1. INTRODUCTION 
The most celebrated integral inequality established in 1920 by G. H. 
Hardy [21 can be stated as follows. 
THEOREM A. I f p  > 1 ,  f ( x )  2 0 for 0 < x < a, and F(x) = i / { f ( t )  dt, 
then 
unless f = 0. The constant is the best possible. 
This theorem was first proved by Hardy [2], in an attempt to give a 
simple proof of Hilbert’s double series theorem [4, Theorem 3151. One of 
the best known and interesting generalization of the inequality (1) given in 
1928 by Hardy [3] himself can be stated as follows. 
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THEOREM B. If p > 1, m # 1 ,  f ( x >  2 0 for 0 <x < and F(x) is 
defined by 
then 
unless f = 0. The constant is the best possible. 
The inequalities given in (1) and (2) which later went by the name of 
Hardy's inequalities, led to a great many papers dealing with alternative 
proofs, various generalizations, and numerous variants and applications in 
analysis. For the earlier development of this kind of inequality and many 
important applications in analysis, see [4, Chapter 1x1. Among numerous 
papers dealing with such inequalities, we choose to refer (related to our 
work) to the papers [l-161 and some of the references cited therein. The 
main purpose of this paper is to establish some new generalizations of the 
inequalities (1) and (2) by using a fairly elementary and uniform treatment 
based on the idea used first by Levinson in [71 and then recently by 
Pachpatte in [9-141, Pachpatte and Love in [15] and PeCarid and Love [16], 
to establish some new generalizations of inequalities in (1) and (2). Our 
results in the special cases yield some of the earlier, as well as some recent 
generalizations of the Hardy's inequality given in [l ,  5, 8, 161. 
2. STATEMENT OF RESULTS 
In this section we state the results to be proved in this paper. In all the 
theorems it is assumed, without further mention, that the integrals exist on 
the respective domains of their definitions. 
Our first two theorems deal with the quite substantial generalizations of 
the Hardy's inequality (2). 
THEOREM 1. Let p > 1, m # 1 be constants. Let f ( x )  be a nonnegatwe 
and integrable function on ( 0 , ~ )  and let h (x)  be a positive continuous 
function on ( 0 , ~ )  and let H(x) = / th( t )dt .  Let w(x) and r ( x )  be positiue 
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and absolutely continuous functions on (0, t.1. Let 
1 H(x) w ’ ( x )  P H(x) r’(x> 1 
1 +--- 2 -, form > 1, 
m -  1 h ( x )  w(x) m - 1 h ( x )  r ( x )  a1 
(3) 
1 H ( x )  w ’ ( x )  P HC-4 r’(x> 1 
2 -, form < 1 ,  1 - ---- --
1 - m  h ( x )  w(x) 1 - m  h ( x )  r ( x )  az  
for almost all x E (0, w) and for some positive constants a l ,  a z .  If F(x) is 
defined by 
[&r r ( t ) h ( t ) f ( t )  dt, form > 1, 
for x E (0,  t.), then 
i m w (  x ) H (  x ) - ~  h( x ) F (  x)” dx 
where a = max{a,, az} .  The equality holds in (6) i f f ( x )  = 0. 
THEOREM 2. Letp,  m, f ,  h ,  H ,  w ,  and r be as in Theorem 1. Let 
1 H(x) w ’ ( x )  P H(x) rY-4 1 I+---+--- 2 -, form < 1, 
l - m  h ( x )  w(x) l - m  h ( x )  ~ ( x )  pz 
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for almost all x E (0, m) and for some constants PI, PZ . If F(x) is defined by 
for x E (0,  a), then 
Law( x) H(  x) -m h( x) F (  x)” dx 
where p = max{ PI, &I. The equality holds in (10) if f ( x )  = 0. 
Remark 1. If we take w(x)  = 1, r ( x )  = 1, a = 1, and P = 1, then the 
inequalities established in Theorems 1 and 2 reduce to the inequalities 
established by Copson in [l, Theorems 1 and 31. 
The following two theorems deal with the generalizations of the variant 
of the Hardy’s inequality (1) given by Izumi and Izumi in [5, Theorem 21. 
Letp > 1 and m > 1 be constants. Let f ( x )  be a nonnega- 
tiue and integrablefunction on (0, b), where b > 0 is a constant. Let h( t )  be a 
positive continuousfunction on (0, b)  and let H(x) = /,“h(t) dt, forx E (0,  b). 
Let w(x)  and r (x )  be positive and absolutely continuous functions on (0,  b). 
Let 
THEOREM 3. 
1 H(x) w’(x)  P H(x) r’(x> 1 
1----+--- 2 -, (11) m -  1 h ( x )  ~ ( x )  m -  1 h ( x )  r ( x )  y 
for almost all x E (0,  b )  and for some positive constant y .  If G ( x )  is defined 
bY 
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forx E (0,  b), then 
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fw ( x) H(  x) -m h( x) G( x)" dx 
THEOREM 4. Let p ,  m, f ,  h ,  H ,  w ,  and r be as in Theorem 3. Let 
1 H(x) w ' ( x )  P H(x) r r ( x >  1 
2 s, (14) 
for almost all x E (0, b )  and for some positive constant 6.  If G ( x )  is defined 
m -  1 h ( x )  W(X) m -  1 h ( x )  r ( x )  
bY 
forx E (0, b), then 
Jbw( x ) H (  x) -"h( x)G( x)" dx  
0 
Remark 2. We note that in the special cases when w(x) = 1, h ( x )  = 1, 
r(x)  = 1, and b = T ,  the inequalities given in Theorems 3 and 4 reduce to 
the inequality given by Izumi and Izumi in [5, Theorem 21. For various 
other generalizations of the inequality of Izumi and Izumi in [5, Theorem 
21, see [ll-131. 
In the next two theorems we establish the further generalizations of the 
inequalities recently established by PeEarid and Love [16, Theorems 1 and 
31. 
Let 0 5 a < b < 00, p > 0 and q > 0,  a > 0 be constants. 
Let w(x>,  r ( x )  be positive and locally absolutely continuous on ( a ,  b), and 
THEOREM 5.
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f ( x )  be almost euelywhere nonnegative and measurable on ( a ,  b). Let 
for all x in [ a ,  b),  and 
F(x) = o ( ( b  - x ) - ~ ” )  asx +. b-.  ( 18) 
I f p  > 1 and 
for almost all x in ( a ,  b), then 
1 
s”w (x) 1 (log( b/x)) 4-  IF( x)” dx 
U 
1 
I ( :)”fi( x )  -(log( X b/x))‘- ‘ f (  x)”dx. (20) 
If 0 < p  < 1 and the reverse inequality in (19) holds, then the reverse 
inequality (20) also holds. 
Let 0 < a < b < -, p > 0, 4 > 0, P > 0 be constants. Let 
w, r ,  and f be as in Theorem 5. Let 
THEOREM 6 .  
for all x in ( a ,  b] ,  and 
I f p  > 1 and 
1 w’(x)  P y ‘ ( x >  1 
P 4 W ( X )  4 r ( x )  
log(x/a) - -x-log(x/a) 2 -, 1 + -x- (23) 
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for almost all x in ( a ,  b), then 
If 0 < p < 1 and the reverse inequality (23) holds, then the reverse inequality 
(24) also holds. 
Remark 3. We note that in the special cases when w ( x )  = 1, the 
inequalities established in Theorems 5 and 6 reduce to the inequalities 
recently established by PeEariC and Love in [16, Theorems 1 and 31, which 
in turn are the further generalizations of the inequalities given by Pach- 
patte in [14]. 
The next two theorems consist of the most generalized forms of the 
slight variants of the Copson’s inequalities given in [ 1, Theorems 5 and 61 
and also the inequalities given by Love in [8, Theorems 6.1 and 6.31. 
Let a < b < R ,  p > 1, q < 1, a > 0 be constants. Let 
w ( x ) ,  r ( x )  be positive and locally absolutely continuous in ( a ,  6).  Let h(x)  be 
a positive continuous function and let H(x) = /,“h(t) dt, for x E ( a ,  b). Let 
f ( x )  be nonnegative and measurable on ( a ,  b). Let 
THEOREM 7. 
for almost all x in ( a ,  b). If F(x) is defined by 
for all x E ( a ,  b), then 
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THEOREM 8. Let a < b < R ,  p > 1, q > 1, p > 0 be constants. Let w ,  
r, h ,  H ,  and f be as in Theorem 7. Let 
for almost all x E ( a ,  b). If F ( x )  is defined by 
for all x E ( a ,  b), then 
I”( x) H (  x) -lh( x) 
a 
Remark 4. We note that the inequalities established in Theorems 7 and 
8 are the variants of the inequalities established by Love in [8, Theorems 
6.1 and 6.31 which in turn are the further generalizations of the inequali- 
ties given by Copson in [ 1, Theorems 5 and 61. 
3. PROOFS OF THEOREMS 1-4 
Since the proofs resemble one another, we give the details of the proofs 
of Theorems 1 and 3 only, the proofs of Theorems 2 and 4 can be similarly 
completed. 
Let 0 < a < b < and define for m > 1, 
1 
F , ( x )  = - c ( t ) h ( t ) f ( t )  dt, 
4 x 1  
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with FJx) = F(x). Integrating by parts gives 
lbw( x)H( x) -“h( x)Fu( x)” dx 
Since m > 1, from (31) we observe that 
1 H(x) w’(x) 
x w(X)H(x)-mh(x)F,(X)P dx 
w(X)H(x)-~+lh(x)f(x)Fu(X)P-l dx  P <-  
- m - l t  
= -~[w(x)’/”H(X)‘”-”)~”h(x)’~”f(x)] P 
m - 1  
x [ ~ ( ~ ) ~ P ~ ’ ~ ~ y H ( x ) ~ m ~ p ~ l ~ ~ ” h ( x ) ~ p ~ ’ ~ ~ P F u ( x ) ” ~ ’ ]  dx. (32) 
Using (3) and applying Holder’s inequality with indices p,p/(p - 1) on 
the right side of (32) we obtain 
J”( x)H( x) -“h( x)F,( x)” dx 
a 
(P- I)/” 
x ( /,“w ( .) H(.) - ”h ( .) Fa ( .) ” dx ) . (33) 
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Dividing both sides of (33) by the second integral factor on the right hand 
side of (33) and raising both sides to the pth power we obtain 
~”w(x)H(x)”h(x)F,(x)” dx 
From (34) we have 
s”W ( x) H(  x) -” h( x) Fa( x)” Qk 
a 
Let a < c < b. Then from (35) we have 
-r,”W ( x ) H(  x ) - “ h ( x ) Fa ( x ) ” Qk 
Letting a + 0 in (36) we have 
-r,”W( x ) H (  x) -“h( x ) F (  x)” Qk 
Since this holds for arbitrary 0 < c < b, it follows that 
/ouW( x ) H (  x) -“h( x ) F (  x)” dx 
Let 0 < a < b < 00 and define for m < 1, 
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with F,(x) = F(x). Now, by following the same steps as in the proof of 
inequality (38) with suitable modifications, we obtain 
This completes the proof of Theorem 1. 
we obtain 
We next establish the inequality (13) in Theorem 3. Integrating by parts 
f w ( x ) H ( x ) - ” h ( x ) G (  x)” dx 
- m + l  
-m + 1 -m + 1 
X 
1 
w ’ ( ~ ) G ( x ) ~  + w ( x ) p G ( x ) ” - ’   
r “ 4  
- r ’ ( x ) / *  r ( t ) h ( t ) f ( t )  dt 
x /  2 
From (40) we observe that 
1 H(x) w ’ ( x )  
X ~ ( x ) H ( x ) - ~ h ( x ) G ( x ) ”  dx 
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P 
I - /’w( x ) H (  x) -m+lG(  x)”-’ 
m - 1  0 
x [ w( x ) ( p -  l)/Ph ( x )(P- l ) / P H (  .) -4- O / P  G ( x ) ~ - ’ ]  dx .  
(41) 
Using (11) and applying Holder’s inequality with indices p ,  p / ( p  - 1) we 
obtain c( x ) H (  ~ ) - ~ h (  x )G(  x)” dx  
Dividing both sides of (42) by the second integral factor on the right hand 
side of (42) and taking the pth power on both sides of the resulting 
inequality we get the desired inequality in (13). This completes the proof of 
Theorem 3. 
4. PROOFS OF THEOREMS 5-8 
We will give the proofs of Theorems 5 and 7 only. The proofs of 
Let p > 1 and suppose that a > 0. Integrating by parts we obtain 
Theorems 6 and 8 can be similarly completed. 
1 
w( x) - (log( b/x)) 9- lF( x)” dx Lb x 
b 
= [ -w(n)F(x)”-(log(h/x))~] 1 
4 a 
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+ lbA (log( b / X ) y  w’( x ) F (  x)” + w( x)pF( x y  
a 4  i 
From (43) we observe that (see, also [16, p. 21) 
1 1 w’(x) P r ’ ( x >  log( b/x) + -x-log( b/x) “1 - yxW(x) 4 r ( x >  
x w(x)(1og(b/x))~--’F(x)~ dx
Using (19) and applying the Holders inequality with indices p, p / ( p  - 1) 
we obtain 
1 
lbw( x) - (log( b/x)) - IF( x) dx 
a X 
(P- l)/P 
~ { ~ ( x ) x - ~ ( l o g ( b / x ) ) “ ” d r )  . (45) 
Dividing both sides of (45) by the second integral factor on the right hand 
side of (45) and taking the pth power on both sides of the resulting 
inequality we get the desired inequality in (20). Similarly, if 0 < p < 1 and 
(19) is reversed, the reverse inequality (20) is obtained. 
Suppose instead that a = 0. If 0 < a’ < b, all the hypotheses hold with a 
replaced by a’, under their respective conditions on p and in (19). Call 
these inequalities (20’). As a’ L a+,  the modified F(x) increases toward 
the value given in (17), and both sides of (20’) tend to the corresponding 
sides of (201, using the monotonic convergence theorem for the left sides. 
This limit process thus produces the inequality (20) as required. This 
completes the proof of Theorem 5. 
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We next establish the inequality (27) in Theorem 7. Integrating by parts 
we obtain 
- r ‘ ( x ) S x r ( t ) h ( t ) f ( t )  dt 
a 
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Using (25) and applying Holder's inequality with indices p ,  p / ( p  - 1) we 
obtain 
\ l / P  
( P -  1)/P 
. x [ Lbw( x) H( x) - h( x) (log( ) ) -'F( x) h) 
( 48) 
Dividing both sides of (48) by the second integral factor on the right hand 
side of (481, and taking the pth power on both sides of the resulting 
inequality, we get the required inequality in (27). This completes the proof 
of Theorem 7. 
Remark 5. We note that our approach to more general Hardy type 
integral inequalities is quite elementary and based on the idea first used by 
Levinson in [7] to obtain the generalizations of Hardy's inequality (1). For 
various other inequalities related to those given here, we refer the inter- 
ested readers to recent papers [9-161. 
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